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ABSTRACT

A model for calculating the acoustic characteristics of
three-dimensional vocal tract con�guration is presented.
A cascaded structure of rectangular acoustic tubes, con-
nected asymmetrically with respect to their axes, is intro-
duced as an approximation of the real vocal tract geome-
try. Both propagative and evanescent higher-order modes
are considered in these tubes. The number of higher-
order modes can be selected independently in each tube,
which signi�cantly decreases the instability of computation
caused by the evanescent higher-order modes. Calculation
results for two con�gurations are discussed.

1 INTRODUCTION

Recent development of techniques for the observation of
speech organs such as MRI allows us to obtain accurate
descriptions of vocal tract shape. Although 3D shapes of
the vocal tract are available, 1D theories are still used to
compute acoustic characteristics of the vocal tract. A rea-
son maybe lies in the complexity of computation of the
resonance characteristics of 3D shapes.
Numerical computation techniques such as the Finite El-

ement Method (FEM) [1] or the Transmission Line Matrix
(TLM)method [2] have been applied to compute the acous-
tic characteristics of 3D vocal tract models. The results
obtained emphasize the large in
uence of the vocal tract
shape details upon the transfer function. These methods,
however, require a large amount of computation, and are
not suitable for the purpose of speech synthesis.
This paper presents a parametric method to compute

the acoustic characteristics of the 3D vocal tract model,
in order to achieve the reduction of the computation, and
to explore the vocal tract acoustics that can not be rep-
resented by the traditional 1D model. A cascaded struc-
ture of acoustic tubes, connected asymmetrically with re-
spect to their axes, is introduced as an approximation of
the vocal tract geometry. Each tube is assumed to have a
rectangular cross-sectional shape whose geometry (size and
axis position) can be determined from MRI data. The 3D
acoustic �eld in each tube is represented in terms of higher-
order modes. A mode-matching technique is then used to
establish a mode coupling at the junctions between tubes.
In the proposed method, both propagative and evanescent
higher-order modes are considered in each tube, since each

section is often not long enough for the evanescent modes
to decay away.
Considering several evanescent higher-order modes some-

times causes computational di�culties related to the nu-
merical precision. As a matter of fact, in a previous report
[3], the number of higher-order modes taken into account in
each tube was necessarily constant; this was a major draw-
back when constrictions were present since the evanescent
higher-order modes in the narrow tube often caused com-
putational instability. In the proposed method, the num-
ber of higher-order modes can be selected independently in
each tube. In particular, only plane waves may be consid-
ered for narrow tubes and several higher-order modes can
be taken into account for wider tubes. The 
exibility in
the selection of the number of the higher-order modes in
each tube increases the computation stability signi�cantly,
while also reducing computational time.
Calculation results for two con�gurations, a 5-section

con�guration approximating an occlusion at the teeth, and
36-section con�guration based on MRI data, are discussed.

2 3D VOCAL TRACT MODEL

2.1 Mode expansion and coupling
Vocal tracts are approximated by cascaded structures of

rectangular acoustic tubes, as shown in �gure 1. The 3D
acoustic �eld in each tube can be represented in in�nite
series of higher-order modes. The sound-pressure p(x; y; z),
z being the direction of the tube axis, and the z-direction
particle velocity vz(x; y; z) in each tube are expressed as:

p(x; y; z) =
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Figure 1. Example of vocal tract model.



where m and n stand for the numbers of the higher-order
modes in x and y directions, 
mn and �mn(x; y) are the
propagation constant and normal function (eigen function),
respectively. 
mn's are imaginary numbers for propagative
modes and real numbers for evanescent modes. Neither
loss factors due to the viscosity and the heat conductivity
of air, nor wall vibration e�ects are included. In the matrix
notation in eq. (1), the in�nite series are truncated to a
certain value. a;b and � (x; y) are column vectors com-
posed of amn; bmn and �mn(x; y), respectively. �mn(x; y)'s
are chosen to have the following orthogonal property:

1

S

Z
S

� (x; y)� (x; y)T dS = I (2)

where S is the area of the tube, and I a unit matrix. a and
b are determined by the boundary conditions at the both
ends of each tube. D(z) and ZC are de�ned as:

D(z) = diag[exp(
mnz)] ; ZC = jk�c(diag[
mn])
�1 (3)

where k; � and c are wave number, air density and sound
speed, respectively. A modal sound-pressure vector P and
a modal particle velocity vector V can be de�ned as:

P = D(�z)a+D(z)b
V = Z�1

C
fD(�z)a �D(z)bg (4)

If each component of P and V is regarded as a voltage
and a current at position z, each higher-order mode can be
represented by an equivalent electrical transmission line.
Hereafter, a subscript i is used to represent the variables
in the section i. By using a mode matching technique, the
mode coupling at the junction between the sections i and
i+ 1 can be expressed as follows[4]:

Pi = �i;i+1Pi+1

�T

i;i+1Vi = Vi+1
(5)

where the coupling matrix �i;i+1 is calculated as:

�i;i+1 =
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Si is assumed to be smaller than that of the section i + 1.
If the smaller area is for section i + 1, all su�xes i and
i + 1 should just be exchanged. Equation (5) indicates
that the coupling coe�cients matrix �i;i+1 can be simply
regarded as a matrix representing the transformation ratio
of a multi-port ideal transformer in an equivalent electrical
circuit.

2.2 Impedance transformation
Acoustic transfer functions and sound-pressure distri-

butions in the vocal tract can be calculated from input
impedance matrices at each section. Starting with a given
load impedance matrix, which is often a radiation impedance
matrix, an impedance transformation is necessary to ob-
tain the input impedance matrices for all sections. Kergo-
mard [4] presented a \propagating modes" method for the
impedance transformation where all evanescent modes are
terminated at the junction. In this section, the formulation
of the impedance transformation suitable for the 3D vocal-
tract model is presented. It can handle short sections with
asymmetrical connection between the adjacent tubes. It
should be noted that the evanescent higher-order modes do

not propagate. However, they can in
uence the resonance
characteristics through the mode coupling between plane
waves and the evanescent modes at the junction. More-
over, if two junctions are located very closely, the evanes-
cent modes can be related to a power transmission. Thus
we consider the evanescent modes either as \terminated"
at the junction or as \related to the power transmission"
in the tube as illustrated in �gure 2.

2.2.1 Radiation impedance matrix
A radiation impedance matrix is the �rst impedance for

starting the impedance transformation. The generalized
modal radiation impedance matrix Zrad for a rectangular
opening with the higher-order modes is given by [5] as:

Zrad = [Zmn;pq]
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where S is the area of the last section corresponding to the
mouth. Note that Zmn;pq represents the modal radiation
impedance between modes (m;n) and (p; q). Z00;00 is the
radiation impedance used in the plane wave theory.

2.2.2 Basic transformation

Tube Input impedances looking toward loads at the
right and left ends of the section i are de�ned as:
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where superscripts (R) and (L) are used to denote the quan-
tities at the right (lip side) and left (glottis side) ends of the
tube. From eq. (4), the impedance transformation from

Z
(R)
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to Z
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i
is easily obtained as:
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whereDCi

= fDi(Li)+Di(�Li)g=2 andDSi
= fDi(Li)�

Di(�Li)g=2, Li being the length of the section i.
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Figure 2. Equivalent electrical circuit.



2.2.3 Transformation with terminations
We assume that the coupling coe�cient matrix �i;i+1 is

square. The number of modes selected for the calculation
of �i;i+1 can be large. It may be, however, limited to 5 or
6 as described in the next section. Some of these modes
are considered for transmission, while the others are termi-
nated with their characteristic impedances as illustrated in
�gure 2. Some input impedance matrices are also de�ned in
�gure 2. The problem to solve for the impedance transfor-

mation is to express Z
(L)
i

in terms of ~Z
(R)
i

,Z
(L)
i+1 and

~Z
(L)
i+1.
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characteristic impedances used for termination of the ideal

transformer. Ẑ
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Then from eq. (10), we get,
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where the size of Ẑ
(R)
i;11 corresponds to the number of modes

considered for transmission in the i-th section. Then Z
(R)
i

is calculated as:
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Finally, Z
(L)

i
is obtained by substituting Z

(R)

i
into eq. (9).

Repeating the above procedure section by section, the given
radiation impedance matrix Zrad in eq. (7) is transformed
into the input impedance matrix of the �rst section.

2.3 Transfer function
Once all input impedance matrices are obtained, wave

component vectors a and b at each section can be cal-
culated using eqs. (4) and (5) recursively. Then sound-
pressure distribution is obtained from eq. (1). It is also
possible to compute the sound-pressure at an arbitrary far
point by using the Rayleigh integral with the calculated
vibrating pattern at the radiation end. However, a more
convenient way to evaluate the resonance characteristics is
to use the power that is actually radiated in the free space.
Since the present model assumes no losses inside the vocal
tract, the actual radiation power is equal to the total ac-
tive intensities Wt on any arbitrary cross-section in tubes,
which can be evaluated at the glottis section as:

Wt =
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where � denotes a complex conjugate, and V1 is the modal
particle velocity vector of the given pattern of the source
vibration. Then the sound-pressure at a far point can be
considered to be proportional to

p
Wt. Thus the transfer

function H of the proposed model is evaluated by,

H /
p
Wt

UG

(16)

where UG is a source volume velocity.
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Figure 3. 5-section con�guration.
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Figure 4. Sound-pressure distributions at 1kHz.

3 RESULTS

3.1 Con�guration with 5-section
A 5-section con�guration is used to imitate the occlusion

at the teeth as illustrated in �gure 3. A tiny square sound
source (0.01 mm � 0.01mm) is located at 0.5 mm apart
from the upper right corner. In the narrow sections 2 and
4 only plane waves are considered for the transmission and
the �rst 2 higher-order modes (1,0) and (2,0) are considered
for the mode coupling at each junction. Computed sound-
pressure distribution at 1 kHz is shown in �gure 4, both
amplitude and phase contours being presented. Note that
these higher-order modes are all evanescent at 1 kHz. The
superposition of the plane waves and of these two higher-
order modes makes the waves travel almost in the vertical
direction in the occlusion section. As a result, the acoustic
�eld becomes just like another plane waves being propa-
gated in the vertical direction. This result indicates that
this method can be also used to determine the parameters
of the 1D vocal tract model, such as estimating an equiva-
lent length Le and area Se of the third section for the plane
waves to propagate in the vertical direction. One simple
way to estimate these values is to use the computed wave
parameters for plane waves adjacent to the third section.
The components for plane waves at the right end of the sec-
ond section and the left end of the fourth section should
be related by Le and Se with the plane wave theory as:
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where the su�x \00" is used to represent plane wave com-
ponents of modal pressure and particle velocity vectors. Le
and Se are easily obtained from this equation. The resul-
tant Le is almost constant up to 6 kHz while Se is gradually
decreasing with the ascent of the frequency. The average
values up to 5 kHz are Le = 1:74cm and Se = 0:56cm2

while the axis length and cross-sectional area of the third
section are 0.5 cm and 2 cm2. As easily imagined from �g-
ure 4, the occlusion has the e�ect of extending the path for



equivalent plane wave propagation at low frequencies. This
lengthening can be evaluated quantitatively with the pro-
posed method. This result is coherent with measurements
[6] performed using circular tubes with similar \occlusion-
like" shapes. Even though the proposed method is to rep-
resent the 3D acoustic �eld in the asymmetrical tube con-
�guration, it can be also used to establish a proper area
function for \occlusion-like" shape for the traditional 1D
model.

3.2 Con�guration based on MRI data
In order to study the di�erences between the plane wave

and the higher-order models, the 3D shape of a /
R
/ mea-

sured by MRI has been converted into a 36-section con-
�guration as illustrated in �gure 5. Each tube is aligned
to a common horizontal plane. The entire con�guration
is symmetrical with respect to the lateral direction, but
asymmetrical in the vertical direction. A sound source is
assumed to be located at the beginning of the �rst section.
5 higher-order modes (3 in lateral direction and 2 in vertical
direction) are considered at each junction. Figure 6 shows
the acoustic transfer characteristics de�ned in eq. (16) to-
gether with those obtained from the FEM simulation and
from the 1D model. The peak frequencies obtained by the
proposed method agree well with those from the FEM al-
though a slight di�erence around a \zero" at 6.4 kHz is
seen. The frequency of the zero tends to be more sen-
sitive to the number of the higher-order modes than the
peak frequencies. For peak frequencies up to 5 kHz, only
a few higher-order modes are necessary to give the same
peak frequencies as those of FEM. Comparison with the
result of the 1D model suggests that the resonance frequen-
cies are always lowered due to the evanescent higher-order
modes. The rates of shift relative to the 1D model for the
�rst 4 resonance frequencies are -3.8, -4.0, -3.1, and -4.3
%, respectively. Above the 5-th resonance frequency, the
plane wave and the higher-order models have quite di�er-
ent transfer characteristics. The \zero" can appear around
the �rst cut-o� frequency in the lateral direction of the
widest section. This may be understood using the analogy
with side branches, since the higher-order modes in each
section correspond to transmission lines in parallel as an
equivalent electrical circuit.

4 CONCLUSION

It has been shown that the proposed model is valid to
represent the steady-state frequency characteristics for 3D
con�gurations of rectangular tubes used as a geometrical
approximation of 3D vocal tracts. In particular, the pro-
posed method presents the following advantages: (1) more
accurate acoustic characteristics, compared to those ob-
tained from the 1D modeling; (2) shorter computational
time compared to FEM and/or TLM. These are useful
features for the improvement of speech synthesis systems
based on vocal tract models. It seems that the number of
the modes needed to represent the 3D acoustic �eld for the
rectangular geometry is not large. However, a criterion for
the selection of the number of modes for the given con�g-
uration is not well established. Another possible problem
is that unwanted artifacts might occur due to the use of
the rectangular geometry. Further studies are needed with
regard to the manner of geometrical approximation of real
vocal tracts.

Figure 5. 36-section con�guration (/
R
/).
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