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This paper studies the design of a finite-dimensional output feedback controller for the stabilization of
a reaction-diffusion equation in the presence of a sector nonlinearity in the boundary input. Due to the
input nonlinearity, classical approaches relying on the transfer of the control from the boundary into
the domain with explicit occurrence of the time-derivative of the control cannot be applied. In this
context, we first demonstrate using Lyapunov direct method how a finite-dimensional observer-based
controller can be designed, without using the time derivative of the boundary input as an auxiliary
command, in order to achieve the boundary stabilization of general 1-D reaction-diffusion equations
with Robin boundary conditions and a measurement selected as a Dirichlet trace. We extend this
approach to the case of a control applying at the boundary through a sector nonlinearity. We show
from the derived stability conditions the existence of a size of the sector (in which the nonlinearity is
confined) so that the stability of the closed-loop system is achieved when selecting the dimension of
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the observer to be large enough.
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1. Introduction

The impact of various input nonlinearities in the control de-
sign and stability assessment of finite-dimensional systems has
been intensively studied in the literature [1-3]. These include,
to cite a few that are commonly encountered in practical appli-
cations [4], saturations, deadzones, general sector nonlinearities,
etc. Despite their relative simplicity, these nonlinearities, even
when applied in input of a linear time invariant system, induce
many challenges such as multiple equilibrium points, existence of
aregion of attraction, etc. [5]. The extension of these problematics
to infinite dimensional systems, and particularly to the control of
partial differential equations (PDEs), has attracted much attention
in the recent years. Among the early contributions in this field,
one can find the study of saturation mechanisms in [6,7]. More
recently, Lyapunov-based stabilization of different class of PDEs,
including wave and Korteweg-de Vries equations, in the presence
of cone-bounded nonlinearities in the control input have been re-
ported in [8-10]. Model predictive control was proposed in[11] in
order to achieve the feedback stabilization of reaction-diffusion
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equations in the presence of constraints. Singular perturbations
techniques were reported in [12].

In this paper, we are concerned with the output feedback
stabilization of a 1-D reaction-diffusion equation presenting a
sector nonlinear in the boundary input. The developed approach
relies on spectral reduction methods [13] that have been inten-
sively used for the control of parabolic PDEs in a great variety of
settings [14-21]. They were in particular used in the context of
the both local stabilization and estimation of region of attraction
for reaction-diffusion equations in the presence of an in-domain
input saturation; see [22,23] in the context of state and output
feedback, respectively. It should be noted that spectral reduction
methods have been very attractive for parabolic PDEs because
they allow the design of finite-dimensional state-feedback, mak-
ing them particularly relevant for practical applications. How-
ever, due to the distributed nature of the state, the design of
an observer is generally necessary. Such observers can be de-
signed using, e.g., either backstepping [24] of spectral methods
[25, Sec. 4.3.2]. Because the resulting observers mimic the dynam-
ics of the plant, they generally take the form of a PDE, resulting
in an infinite-dimensional control strategy. In order to avoid
late lumping approximations required for the implementation
of observers with infinite dimensional dynamics, a number of
works have been devoted to the design of finite-dimensional
observer-based control strategies, in particular for parabolic PDEs
[26-33].
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Following ideas initially introduced in [33], the control de-
sign strategy adopted in this paper takes the form of a finite-
dimensional observer coupled with a finite-dimensional state
feedback. More precisely, we leverage the controller architecture
reported first in [33] augmented with the LMI-based procedure
suggested in [30]. These control design procedures were en-
hanced and generalized to Dirichlet and/or Neumann boundary
actuation and measurement in [32], achieving the exponential
stabilization of the PDE trajectories in H! norm. In these two
latter works, the boundary control input u was handled using the
classical procedure consisting of a change of variable that allows
the transfer of the input from the boundary into the domain
[34, Sec. 3.3]. However, this procedure requires the use of the
time derivative v = u of the input u as an auxiliary input to
design the control law. When considering a nonlinearity ¢ in
the application of the control input u, such an approach fails in
general. This is because the actual input applied to the system
is u, = ¢(u) and its time derivative reads v, = i, = ¢'(u)i.
Therefore, since u remains the actual command to be applied
in input of the system, it is generally not possible to use v, as
an auxiliary input to perform the control design. This is because
such an approach would require the integration of this latter u-
dynamics to obtain u from the knowledge of v,. Such a dynamics
may produce trajectories that are not well defined for all t > 0
(e.g., if ¢’ vanishes at certain isolated points or on a certain inter-
val, as possible in the class of nonlinear functions ¢ considered
in this paper) and rise stability assessment issues for the actual
input signal u.

Using Lyapunov direct method, the first objective of this pa-
per is to demonstrate how a finite-dimensional observer-based
controller can be designed, without using the time derivative of
the boundary input as an auxiliary command, in order to achieve
the output feedback boundary stabilization of a linear reaction-
diffusion equation with Robin boundary conditions. More specifi-
cally, we consider the case of a control input applying through
a Robin boundary condition while the measurement takes the
form of a Dirichlet trace located at the other boundary. Note that
a similar setting has been achieved in [28] by invoking small-
gain arguments for PDE trajectories evaluated in L? norm (see
also [35] for a Lyapunov-based approach but which is limited to
the specific case of a bounded output operator and a Neumann
control input while considering the [?> norm). In contrast, the
results presented in this paper rely on the use of Lyapunov func-
tionals and provide stability estimates in both L? and H! norms.
This is achieved by first designing the control strategy on the
original PDE (which only involves the input u) while the stability
analysis is performed (1) based on a homogeneous representation
of the PDE that involves v = 1I; and (2) by extending the
scaling strategy employed in [32]. The second objective consists
in taking advantage of the aforementioned Lyapunov functional
in order to tackle the case of a boundary control input subject
to a sector nonlinearity. We show the existence of a size of
the sector (in which the nonlinearity is confined) so that the
proposed strategies always achieve the exponential stabilization
of the plant when selecting the dimension of the observer to be
large enough.

The remainder of this paper is organized as follows. Notations
and properties of Sturm-Liouville operators are presented in
Section 2. The preliminary study consisting of the design of a
finite-dimensional observer-based controller for the linear
reaction-diffusion without using the time derivative of the input
as an auxiliary command input is reported in Section 3. The
extension to the case of a reaction-diffusion equation with a
sector nonlinearity in the boundary input is reported in Sec-
tion 4. A numerical illustration is carried out in Section 5. Finally,
concluding remarks are formulated in Section 6.
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2. Notation and properties

Spaces R" are equipped with the usual Euclidean norm de-
noted by || - ||. The associated induced norms of matrices are
also denoted by || - ||. For any two vectors X and Y of arbitrary
dimensions, col(X, Y) denotes the vector [X',YT]T. The space
1(0, 1) stands for the space of square integrable functions on
(0, 1) and is endowed with the usual inner product (f,g) =
fol f(x)g(x)dx. The associated norm is denoted by || - ||;2. For an
integer m > 1, the m-order Sobolev space is denoted by H™(0, 1)
and is endowed with its usual norm || - ||gm. For a symmetric
matrix P € R™", P > 0 (resp. P > 0) means that P is positive
semi-definite (resp. positive definite).

Let §; € (0,7/2], 6, € [0,7/2], p € c!([0,1]) and q €
c%([0, 1]) with p > 0 and q > 0. Let the Sturm-Liouville operator
A D(A) C [*(0,1) — L*(0, 1) be defined by Af = —(pf’Y + qf
on the domain D(A) = {f € H?(0, 1) : cos(8;)f(0)—sin(6;)f’(0) =
cos(6,)f (1) + sin(6,)f'(1) = 0}. The eigenvalues A,, n > 1, of
A are simple, non negative, and form an increasing sequence
with A; — +o00 as n — +oo. Moreover, the associated unit
eigenvectors ¢, € L?(0, 1) form a Hilbert basis. The domain of the
operator A is equivalently characterized by D(A) = {f € [*(0, 1) :
D et [Anl?1{f, dn)|? < +oo}. Introducing p,, p*, ¢* € R such that
0 < p. <px) <p‘and0 < q(x) < ¢* for all x € [0, 1],
then it holds 0 < m2(n — 1)’p, < A, < m?n?p* + q* for all
n > 1 [36]. Moreover if p € ¢3([0, 1]), we have (see, e.g., [36,37])
that ¢n(§) = O(1) and ¢}(§) = O(y/An) as n — oo for any
given & € [0, 1]. Assuming further that ¢ > 0, an integration by
parts and the continuous embedding H!(0, 1) C L*(0, 1) show
the existence of constants C;, C; > 0 such that

GlFIZ: < Y anlfs ) = (AF.f) < GIIFIZ, (1)
n>1

for any f € D(.A). The latter inequalities and the Riesz-spectral
nature of A imply that the series expansion f = Y _,(f, ¢n)¢n
holds in H%(0, 1) norm for any f € D(A). Due to the contin-
uous embedding H'(0, 1) C L*(0, 1), we obtain that f(0) =
D uo1lf, dn)#a(0). We finally define, for any integer N > 1,
RNf_: anN_H(fv ¢n)¢n-

3. Design for linear reaction-diffusion equation

Consider the reaction-diffusion system described by

z(t, x) = (p(X)zx(t, X))y — G(x)z(t, X) (2a)
cos(61)z(t, 0) — sin(6;)zy(t,0) =0 (2b)
cos(6,)z(t, 1) + sin(6,)z,(t, 1) = u(t) (2¢)
y(t) =z(t, 0) (2d)
z(0, x) = zp(x) (2e)

fort > 0 and x € (0, 1) where 6; € (0,7/2],60, € [0,7/2],p €
c?([0, 1]) with p > 0, and g € ¢°([0, 1]). Here z(t, -) represents
the state at time ¢, u(t) is the command, y(t) is the measurement,
and z; is the initial condition. Without loss of generality, let q €
c%([0, 11) and q. € R be such that

qx) = q(x) = qc, q(x) > 0. (3)

3.1. Spectral reduction

Introducing the change of variable

XZ
w(t,X) =Z(t,X)— mu(t) (4)
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and defining v(t) = u(t) we infer that

u(t) = v(t) (5a)
we(t, x) = (P(x)wx(t, X)) — g(x)w(t, x) + a(x)u(t) + b(x)v(t) (5b)
cos(61)w(t, 0) — sin(6;)wx(t,0) =0 (5¢)
cos(6)w(t, 1) + sin(6y)wy(t, 1) =0 (5d)
y(t) = w(t, 0) (5e)
w(0, X) = wo(x) (5f)

where a(x) = m{Zp(x) + 2xp'(x) — X*G(x)}, b(x) =

and wo(x) = zo(x) — X s (0). We define

cos(ez )+2 sin(6y)’ cos(6p)+2 sm(ﬁz

zy(t) = (2(t,-), n), wa(t) = (w(t,-), Pn), Gn {a, ¢n), and
b, = (b, ¢y). In particular, one has
wp(t) = zp(t) + bpu(t), n>1. (6)

The projection of (2) into the Hilbert basis (¢n)s>1 gives
zn(t) = (_)\n + QC)Zn(t) + ﬂnu(t) (7)
with

Bn = an + (—An +qc)by

= p(1){— cos(62)(1) + sin(B)pu( 1)} = O(/n) (8)
while the projection of (5) reads
u(t) = o(t) (9a)
wy(t) = (—An + qc)wn(t) + anu(t) + bpu(t), (9b)
V() =Y walt)pn(0) (9¢)
n>1
Remark 1. Representation (7) is more convenient for control

design since only the input u appears in the dynamics. However,
Lyapunov stability analysis based on this representation is dif-
ficult because B, = O(+/An). Conversely, representation (9) is
less natural for control design since both input u and its time
derivative v = 1 appear in the dynamics. Nevertheless, this
representation is easier to handle in the context of a Lyapunov
stability analysis because a,, b, € ¢?(N); see [30,32] where v = 1
was used as the input for control design. In this section, we
demonstrate for the general setting of (2) how to perform the
control design directly with u as the input, based on representa-
tion (7), while carrying out the Lyapunov stability analysis using
representation (9) in order to obtain stability estimates in both L2
and H'! norms.

3.2, Control strategy

Let § > 0 and N9 > 1 be such that -1, +¢q. < —§ < 0
for all n > Ny + 1. For an arbitrarily given N > Ny + 1, we
design an observer to estimate the N first modes of the plant in
z-coordinates while the state-feedback is computed based on the
estimation of the Ny first modes of the plant. More precisely and
inspired by the early work [33], the control strategy investigated
in this section takes the form:

Wn(t) = 2a(t) + byu(t) (10a)
2a(t) = (—hn + o )2a(t) + Bau(t) (10b)
N
—1I iz Wi(£)i(0) —y(r)} ,1<n<Ng
k=1
Za(t) = (—n + Qo)2a(t) + Buu(t), No+1<n <N (10¢)
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(10d)

No
u(t) = ) ki2i(t)
k=1

Here I, € R and k; € R are the observer and feedback gains,
respectively. Compared to [32] where the observer was designed
to estimate the modes w, in homogeneous coordinates (5), the
controller architecture (10) proposed in this paper differs as it
manages to directly estimate the modes z, of the plant in original
non-homogeneous coordinates (2). This change of the structure
of the observer is key to perform the control design directly with
u instead of v = 1. Note that the series expansion (9c) of the
system output y(t) holds in w coordinates but not in original
z coordinates. This is why the estimated system output used
to compensate the error of observation in (10b) takes the form
Zk 1 Wi(t)¢i(0). Here the terms @, stand for the estimates of the
modes in w coordmates. They are obtained from the estimates z,
of the modes in z coordinates through (10a) which mimics (6).

Remark 2. We denote by 2(t) € R the state of the observer. The
well-posedness of the closed-loop system composed of (5) and
(10) in terms of classical solutions for initial conditions wg € D(.A)
and Z(0) € RM and defined for all t > 0, namely (w,2) €
CO(Rs0; I2(0, 1) x RN) N CY(R.o; [2(0, 1) x RN) with w(t,-) €
D(A) for all t > 0, is a direct consequence of [38, Thm. 6.3.1
and 6.3.3]. Moreover, from the proof of [38, Thm. 6.3.1], we have
Aw € CO(R-o; [(0, 1)) and AY?w € CO(Rx; (0, 1)).

3.3. Model for stability analysis

We define e, = z, — z, for all 1 < n < N. From (10a)-(10b)
and using (6) and (9c), we infer that

N

211 = (_}\n +QC)2n+lgnu+ln Z‘pk(o)ek"‘ln; (]])

k=1

for 1 < n < Np where ¢(t) =Y 1 wn(t)én(0). We define first

n>N+

the scaled quantities Z, = z,/A, and, as in [32], &, = /Ane,. We
then introduce Z%o = [2; ... Zy,] ,EN = [e eNO]T,
ZN7N0 = [2N0+l ce. ZN]T, and ENO = [équ e éN] . We
obtain from (10d) that
u=KzN (12)
where K = [k kn, |. Next, we infer from (10) and (11)
that
7N = (Ag + BoK)ZNo 4 LCENo + LCLEN M 4 L¢ (13a)
ENo = (Ag — LCo)EM — LCiEN Mo — ¢ (13b)
ZNNo — A, ZN=No 4 3,k ZNo (13¢)
ENNo — A,EN-No (13d)
where the different matrices are defined by Ay = diag(—A; +
ey - s —ANg + Gc) Ar = diag(—Angs1 + Gcr - -+, )LN + qc),
T 5 BNg+1 B
Bo = [Bi Bro] B = [)LN2+1 Aﬁ] G =
= g +1(0) #n(0)
[#1(0) ono(0)], G = [ vt «/W] and L =
[11 lNO]T. Therefore, defining the vector
X = col (2”0, ENo ZN=No, EN‘N0> , (14)

we infer that

X =FX+rt (15)
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where
Ao + BoK LG, 0 LG L
Fe 0 Ao—1G 0 —LG| . _ —L
B,K 0 A, 0 0
0 0 0 A 0

Remark 3. The pairs (Ag, Bo) and (Ag, Cp) satisfy the Kalman con-
dition. Indeed, since Ay is diagonal with simple eigenvalues, the
Kalman conditions hold if and only if, from the definition of the
matrices B¢ and Co, B = p(1){— cos(62 )¢, (1)+ sin(02)pn(1)} # 0
and ¢,(0) # O for all 1 < n < Ny. From the definition of the
eigenvectors ¢, and by Cauchy uniqueness, this is indeed case.
Hence, we can always compute a feedback gain K € RN and
an observer gain L € R such that Ay + B¢K and Ay — LCy are
Hurwitz with eigenvalues that have a real part strictly less than
—& < 0. In that case, from the above definition of the matrix F,
one can observe that matrix F is Hurwitz with eigenvalues that
have a real part strictly less than —§ < 0.

Finally, defining X = col (X, ¢) and based on (12) and (13a),
we also have

u=KX, v=u=KZN =EX (16)
with E = K[Ag+BoK LG 0 LC; L] and K =
[K 0 0 0]

3.4. Main stability results

Theorem 1. Let 6; € (0,7 /2], 6, € [0, w/2], p € c*([0, 1]) with
p > 0,and g € c°([0, 1]). Let q € ¢°([0, 1]) and q. € R be such that
(3) holds. Let § > 0 and Nog > 1 be such that —A, + q. < —3 for all
n> Ng+ 1. Let K € RN gnd L € R™ be such that Ay + BoK and
Ao — LGy are Hurwitz with eigenvalues that have a real part strictly
less than —§ < 0. For a given N > Ny + 1, assume that there exist
P >0, > 1,and B,y > 0 such that

©1 <0, ©; <0 (17)
where
O — [FTP + PF + 26P JTr ayllRnalLKTK Pc}
P —-B
+ay|RybILETE (18a)
@2=2y{—(1—]))\N+l+qc+5}+ﬂM¢ (18b)

and withMy = 3y 14 W < +00. Then there exists a constant
M > 0 such that for any initial conditions z, € H*(0, 1) and 2,(0) €
R such that cos(61)zo(0) — sin(0;)zy(0) = 0 and cos(6;)zo(1) +
sin(6,)z5(1) = K2N0(0), the trajectories of the closed-loop system
composed of the plant (2) and the controller (10) satisfy

lz(e, N2, + Zzn < Me~ ”(mnm Zzn(O)

for all t > 0. Moreover, the constraints (17) are always feasible for
N selected large enough.

Proof. Let the Lyapunov function candidate
VX, w)=X"PX+y Y In(w, ¢n)’ (19)
n>N-+1

for X € R? and w € D(A). Note that the first term of V accounts
for the N first modes of the PDE expressed in z-coordinates (2)
while the second term accounts for the modes labeled n > N + 1
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of the PDE expressed in w-coordinates (5). Compared to [32]
where the considered Lyapunov functional only captures the dy-
namics of the modes in homogeneous coordinates, the rationale
for considering both non-homogeneous and homogeneous repre-
sentations of the plant for control design and stability analysis
has been described in Remark 1. The computation of the time
derivative of V along classical solutions of the system composed
of (9) and (15), whose existence is provided by [38, Thm. 6.3.1],

gives
. ot |[FTP+PF PL];
_ T
V=X [ LTP o]x
+2y Z An {(=An + qc)wn + anut + bpv} wy.

n>N+1

where X = col (X, ¢). Using Young inequality, we infer for any
o > 0 that

2 Z AnlnUwy 5% Z A2

wh + || Ryal?u?,

n>N+1 n>N+1
1
2 § Anbpow, < — E  Mwp + af|Rybl| 5 v
o
n>N+1 n>N+1

where, using (16), u> = XTKTKX and v?2 = XTETEX. Moreover,
since { = anw +1 Wn®Pn(0), Cauchy-Schwarz inequality gives
¢% <My Y",.n41 Anwi. Combining the above estimates, we infer
that -

V428V <XTOX + Z A Tyw
n>N+1

where I3, = 2y {—(1— 1) Ay 4+ qc + 8} + BM,. Recalling that
a > 1, we have I}, < ®, < Oforalln > N + 1. Since ®; < 0,
we have that V + 248V < 0. Using (1), (4), (6), and (12), we obtain
the claimed stability estimate.

It remains to show that the constraints ®; < 0 and ®, < 0 are
always feasible for N > Ny + 1 selected large enough. To do so,
we apply Lemma 1 reported in appendix to the matrix F + 4I.
This is possible because (i) Ag + BoK + 81 and Ag — LCy + &I
are Hurwitz; (ii) [|e®1T3f] < e7*of for all t > 0 with ko =
ANo+1—qc—38 >0 defined independently of N; and (iii) ||LC|| <
ILIIIC]l and ||B1K || < B4 l]IK|| where K and L are independent
of the number of observed modes N while ||C;|| = O(1) and
IB1]l = 0(1) when N — 4o00. Hence the solution P > 0 to the
Lyapunov equation F " P + PF +28P = —I is such that ||P|| = O(1)
as N — +o0. With this choice of matrix P, the constraint ®; < 0
becomes equivalent to ©1, + ay |Ryb||%ETE < 0 where

_[-I+aylIRyal5KTK  PL
O = Th pl

We note that ||K|| = K|l and ||| = ~/2|IL|| are independent of
N. Hence, fixing the value of « > 1 and selecting 8 = +/N and
y = 1/N with N > Ny + 1 large enough, we infer that (i) ®, <0
and (ii) by invoking Schur complement, ®;, < —%I. Noting from
(16) that ||E|| = O(1) as N — —+o0, this implies that ®; < 0 for
N > Ny + 1 large enough. We have shown that the constraints
(17) are feasible when selecting N > Ny + 1 to be large enough.
This completes the proof.

Remark 4. For a given number of modes of the observer N >
No + 1, the constraints (17) are nonlinear w.r.t. the decision
variables P > 0, « > 1, and 8,y > 0. However, fixing the
value of o > 1, the constraints (17) now take the form of LMIs
of the decision variables P > 0 and g,y > 0. This latter LMI
formulation of the constraints remains feasible for N > Ny + 1
selected large enough as shown in the proof of Theorem 1. Note
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however that this approach requires to fix a priori the value of
o > 1. Hence, the obtained value N for the dimension of the
observer depends in general of the fixed value of «, which may
introduce some conservatism. A second approach, which has the
benefit of not introducing any conservatism compared to the
original constraints (17), goes as follows. Proceeding with the
substitutions P <— yP and B <« y B into (18) and factoring out
y > 0, we observe that (17) holds if and only if ®,-; < 0
and @, ,,—1 < 0 where ®1,-1 and &, , _; are obtained by setting
y = 1into (18). In this case, ®;,_; takes the form of a LMI of
the decision variables P > 0, « > 1, and 8 > 0 while the use
of the Schur complement shows that ®, ,_; can be equivalently
recast into the LMI formulation:

[ZHNH +qc + 8} + BMy \/2AN+1} <0

A/ ZANJr] —

This LMI formulation of the problem is equivalent to (17), hence
is always feasible for N > Ny + 1 selected to be large enough. A
similar remark applies to the next theorems.

Remark 5. The result of Theorem 1 in the case of the Dirich-
let measurement (2d) can easily be adapted to the case of the
Neumann measurement y(t) = z(t, 0) with 6; € [0,7/2) and
6, € [0, 7 /2] by combining the approach developed in this paper
along with the rescaling procedure reported in [32].

We also state below a L? version of the stability result pre-
sented in Theorem 1.

Theorem 2. Let 0; € (0, 7/2], 6, € [0, /2], p € ([0, 1]) with
p > 0,and g € °([0, 1]). Let g € c°([0, 1]) and g € R be such that
(3) holds. Let § > 0 and Nog > 1 be such that —A, +q. < —$ for all
n> No+ 1 Let K € RPN and L € RM be such that Ay + BoK and
Ao — LCy are Hurwitz with eigenvalues that have a real part strictly
less than —§ < 0. For a given N > Ny + 1, assume that there exist
P > 0and o, B,y > 0 such that

610, ©,<0, 63>0 (20)
where ©1 is defined by (18a) and
. 1 3/4
Oy =2y {—ANg1 + Qe+ 6+ o + BMgAy
BM
O3 =2y — 1/4¢
N+1

< —+o00. Then there exists a constant

. 2
with My = 3oy W;g%l
M > 0 such that for any initial conditions z, € H*(0, 1) and 2,(0) €
R such that cos(6;)zo(0) — sin(0;)zy(0) = 0 and cos(6,)zo(1) +
sin(62)z)(1) = KZMo(0), the trajectories of the closed-loop system
composed of the plant (2) and the controller (10) satisfy

N N
lz(t, NZ + Y 2a(t) < Me™" (nzOnfz + an(of)
n=1

n=1

for all t > 0. Moreover, the constraints (20) are always feasible for
N selected large enough.

Proof. Let the Lyapunov function candidate
VX, w)=X"PX+y Y (w, )’ (21)
n>N+1

for X € R?™ and w e I[%(0, 1). Proceeding as in the proof of
Theorem 1 while replacing the estimate of ¢ by ¢? <
My Y onst A w2, we infer that

V425V <XTOX+ Y Lw)
n>N+1
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where X = col(X,¢) and I}, = 2y {—An+qc+8+%} +
BMyia*. For n = N + 1 we have 1,* = an/an® < A/AVE

hence

I

IA

1
— O3 + 2y {qc+8+a}

IA

1
—O3AN4+1 + 2y {qC+5+a} =6,<0

where we have used that @3 > 0. Combining this result with
®; < 0, we obtain that V 4+ 26V < 0 and which implies the
claimed stability estimate.

To show that the constraints (20) are always feasible for N >
No + 1 selected large enough, we proceed as in the proof of
Theorem 1 while setting o = 1, 8 = N/8,and y = 1/N/4,

4. Design in the presence of a sector nonlinearity

Consider now the reaction-diffusion system presenting a sec-
tor nonlinearity in the control input, described by

zi(t, x) = (p(X)zx(t, X))x — q(x)z(t, X) (22a)
cos(61)z(t, 0) — sin(#;)zy(t,0) =0 (22b)
cos(6)z(t, 1) + sin(62)z.(t, 1) = u,(t) £ p(u(t)) (22¢)
¥(t) = z(t,0) (22d)
2(0, x) = zo(x) (22e)

fort > 0 and x € (0, 1) where 6; € (0,7/2], 6, € [0,7/2],
p € ¢%([0, 1]) with p > 0 and g € ¢°([0, 1]). As in the previous
section, we consider without loss of generality q € ¢°([0, 1]) and
gc € R such that (3) holds. The mapping ¢ : R — R is assumed
to be a function of class ¢' for which there exist k, > 0 and
Ak, € (0, k) so that

(ky, — Aky)lx| < sign(x)p(x) < (k, + Ak,)IX| (23)

for all x € R. We also assume that ¢’ is locally Lipschitz con-
tinuous? and ll¢'llle < +o00. The objective is to design a finite-
dimensional controller and to derive a set of sufficient conditions
on the size Ak, > 0 of the sector condition (23) ensuring the
exponential stabilization of (22).

Remark 6. If one further assumes that the mapping ¢ is one
to one, then one could merely set u(t) = ¢~ '(w(t)) to obtain
uy(t) = w(t). In this particular case, the control design can be
easily performed by directly applying any available method for
the boundary output feedback stabilization of linear reaction-
diffusion equations (such as backstepping, spectral methods, or
others). Such an approach fails in general as soon as the mapping
¢ is non-injective, forcing to directly deal with the nonlinear
input u,(t) = @(u(t)). In this more general setting, the traditional
approach consisting in introducing the time-derivative of the
command as an auxiliary input for control design using spectral
methods is neither a viable approach. Indeed, defining v, = 1, =
¢'(u)i1, one could design the auxiliary control input v,. However,
the actual control input to be applied remains u, which satisfies
the dynamics ¢'(u(t))i(t) = v,(t) for all t > 0. Hence, knowing
vy, One needs to explicitly compute u. This raises two main issues.
First, this ODE may not admit solutions defined for all t > 0. This
issue arises, in particular, when ¢’ vanishes at certain isolated
points or possibly on certain intervals. Second, provided the well-
posedness of this ODE, the stability of this u-dynamics is not
guaranteed because not assessed when designing v,,.

2 This Lipschitz continuity assumption is only introduced for ensuring the
well-posedness of the closed-loop system trajectories but is not explicitly used
in the stability analysis.
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4.1. Spectral reduction

Introducing the change of variable
2

P
w(t, x) = z(t, x) — muw(t) (24)
we infer that
v (t) = ity (t) = ¢'(u(t))i(t) (252)
we(t, X) = (p(X)wx(t, x))x — q(x)w(t, x) (25b)
+ a(x)uy(t) + b(x)v,(t) (25¢)
cos(61)w(t, 0) — sin(f1)wy(t,0) =0 (25d)
cos(6)w(t, 1) + sin(6;)wy(t, 1) =0 (25e)
y(t) = w(t, 0) (25f)
w(0, X) = wo(x) (25g)

where a, b are defined as in the previous section and wg(x) =

2 . - L
Zo(x) — m“w(o)- With the coefficients of projection
defined in the previous section, we have

wy(t) = zu(t) + bauy(t),
The projection of (22) into (¢n)n>1 gives

zn(t) = (_)\n + QC)Zn(t) + ,Bnuq;(t) (27)
with 8, defined by (8) while the projection of (25) reads

n>1. (26)

i1, (1) = v, (1) = ¢/ (u(t))i(t) (28a)
Wa(t) = (—Ay + gc)wa(t) + anly(t) + byvy(t), n > 1 (28b)
V() =Y wa(t)pn(0) (28¢)

n>1

Remark 7. Representation (25) cannot be used for control design
with v, selected as an auxiliary input signal. This is because,
as discussed in Remark 6, v, = ¢'(u)i where u remains the
actual to-be-implemented input of the plant (22). Hence the
approach proposed in [32] is inapplicable in the presence of the
input nonlinearity ¢. We solve this problem by adopting the
approach reported in the previous section, namely by performing
the control design on (22) while carrying out the Lyapunov-based
stability analysis using (25).

4.2. Control strategy
Let § > 0 and Ny > 1 be such that —A, +q. < —8 < 0 for

all n > Ng + 1. We consider the following observer-based control
strategy:

Wn(t) = Zn(t) + byuy(t) (29a)
20(t) = (—hn + Qe )2n(t) + Balty(t) (29b)
—h {XN:ﬁ)k(tM’k(O) —y(t)} , 1=n=No
20(t) = (= fc;c)én(r) +Batty(t). No+1<n<N (29¢)
u(t) = % kizi(t) (29d)
s

Here I, € R and k; € R are the observer and feedback gains,
respectively.

Remark 8. We denote Z(t) € R" the state of the observer. Under
the above mentioned assumption for the sector nonlinearity ¢,
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the well-posedness of the closed-loop system composed on (25)
and (29) in terms of classical solutions for initial conditions wq €
D(A) and Z(0) € RV, namely (w,z) e c°(0,T); %0, 1) x
RMY) N c'((0, T); L*(0, 1) x RN), defined on a maximal interval
of existence [0, T) with either T > 0 or T = 400, is a direct
consequence of [38, Thm. 6.3.1]. Moreover, w(t, -) € D(A) for all
t > 0 and, from the proof of [38, Thm. 6.3.1], we have Aw €
c%((0, T); I?(0, 1)) and AY2w e ¢°([0, T); L%(0, 1)). Finally, from
a similar argument that the one stated as a preliminary remark
of the proof of [38, Thm. 6.3.3], if T < +oo0 then || AY?w(t, )12, +
1212 = 3,1 Anwn(t)* + [12(t)]1? is unbounded on [0, T).

4.3. Model for stability analysis
We define the mapping ¢ : R — R by

Y(x) = (x) — kyX. (30)

Adopting the definitions and the approach of Section 3.3, we infer
from (29) that

u = KkZNo (31a)

7N = (Ag + k,BoK)ZN0 4 LCoEM (31b)
+ LCEN N0 4 Lt + By (KZM0)

ENo = (Ag — LCo)EM — LCiEN Mo — ¢ (31c)

ZNNo = A ZNNo 4k, B4 KZMN0 + By (KZM0) (31d)

EN-No — A, EN—No (31e)

Hence, with X defined by (14), u can still be expressed by u = KX
and we have that

X = FX + L£L 4 £y ¥(KZ") (32)
where
Ao+ k,BoK LG 0 LG
Fo 0 Ay—LCy 0 —LG
k,B1K 0 A 0 |’
0 0 0 A

£ = col(L,—L,0,0), and £, = col (Bo, 0, By,0). With X =
col (X, Z, W(KéNO )) and based on (31a)-(31b), we infer that

v, = 1, = ¢'(KZV0)KZN = ' (KZNo)EX (33)

where E =K [Ag + k,BoK LCo 0 LC;i L B
4.4. Main stability results

Theorem 3. Let 6; € (0,7 /2], 6, € [0, /2], p € c*([0, 1]) with
p > 0, and g € c°([0, 1]). Let k, > O, Ak, € (0, k,), and M,, > 0.
Let q € ¢°([0,1]) and q. € R be such that (3) holds. Let § > 0
and Ng > 1 be such that —A, +q. < —§ foralln > Ng + 1. Let
K € R™No gnd L € RN be such that Ay + k,BoK and Ay — LGy
are Hurwitz with eigenvalues that have a real part strictly less than
—38 < 0. For a given N > Ng + 1, assume that there exist P > O,
o > 3/2,and B, y, t > 0 such that

010, 6,<0 (34)
where
11 PL Pﬁ¢
_ T _ 2 0 g2pT
®=|L'P B 0 +aylIRnblIME E

Lip 0 aylRyal, -

O11=FTP+PF + 2P + {ayk2||Ryall} + A KK



H. Lhachemi and C. Prieur

3
(“)222)/{—(1—£>)¥N+1+%+5}+I3M¢

AN+ < 4-00. Then there exists a constant
M > 0 such that for any ¢ € C'(R) such that (23) holds with ¢’
locally Lipschitz continuous and ||¢’ ||~ < M,, and for any initial
conditions zy € H*(0, 1) and 2,(0) € R such that cos(6;)z0(0) —
sin(61)z,(0) = 0 and cos(6;)zo(1) + sin(6,)z)(1) = @(KZNo(0)), the
trajectories of the closed-loop system composed of the plant (22) and
the controller (29) satisfy

N
lz(e, 2 + Zzn < Me™" (nzOn,i] + Zﬁn(mz)

n=1

2

for all t > 0. Moreover, for any given k,, M, > O, there exists
Ak, € (0,k,) such that the constraints (34) are always feasible
when selecting N to be large enough.

Proof. Considering the Lyapunov function candidate defined by
(19), the computation of its time derivative along the system
trajectories (28) and (32) gives

~__[F'P+PF PL Py
v=Xx" c'p 0 0 |x
LyP 0 0

+2y Y A

n>N+1

{(=2n + e )wn + anuy + byvy, } wy

where X = col (X, z, 1/1(1(2”0)). Since u, = p(KZ") = k,KX +

w(KfNO), using Young inequality, we infer for any « > 0 that

2
2 Z AnGnllywy < - Z Aaw?

n>N+1 n>N+1

+ alRyall}, {RRXP? + (2%},

1
2,2 2 2
2 E knbnvwwnfa E Anwn—i—allRNbllevw
n>N+1 n>N+1

where, using (33), vf) < M;)?TETE)?. Moreover, since ¢ =
D =Nt Wndn(0 ), Cauchy-Schwarz inequality gives ¢2 <
My 3o 11 Anw?. Combining the above estimates, we have V +
28V < XTO11—0X + > non+1 AnTnw? where @1 ;o is obtained
from ©, by setting t = 0 and I, = 2y {[-(1=2) rn+0qc+ 8}
+ BM,. We now need to take advantage of the sector condi-
tion (23) satisfied by ¢. More precisely, (23) implies that (¢(x) —
(ky, + Aky)x)(@(x) — (k, — Ak, )x) < 0 for all x € R. Using (30),
this is equivalent to y/(x)* — Ak2x* < O for all x € R. The use of
this sector condition applied at x = KZN = KX into the above
estimate of V + 28V implies that

V425V <X TOX+ Y hlywy.
n>N+1

Using « > 3/2, we have I}, < ©®; < Oforalln > N + 1.
Since ®; =< 0, we infer that V 4+ 26V < 0. From (19) we infer
that [l.AM2w(t, N2 = Y oq Anwn(t)? and |Z(t)] are bounded
on the maximal 1nterval of existence of the system trajectories.
Hence the trajectories are well-defined for all t > 0 (see end of
Remark 8) and we obtain the claimed stability estimate.

It remains to show for any given k,, M, > 0 the existence
of some Ak, € (0,k,) so that the constraints @; =< 0 and
®, < 0 are always feasible when taking N > Ny + 1 large
enough. Proceeding as in the proof of Theorem 1, the application
of Lemma 1 reported in appendix to the matrix F+4I ensures that
the solution P > 0 to the Lyapunov equation F ' P4PF+28P = —I
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is such that ||P|| = O(1) as N — +o0. This ensures the existence
of a constant Mp > 0 such that ||P|| < Mp for all N > No + 1.
There also exists a constant My, > 0 such that || £y < My for
all N > Ny + 1. This allows us to define t = 14 4MZM;, + [al?,

and Ak, = min ( ! ko ) which are constants independent

1+2|K/7> 2
of N and ¢. We also set @ = 2, B = VN, and y = 1/N. Since
||K|| K|l and ||£]| = ~/2||L|| are constants independent of N,

the use of Schur complement implies that
[+ ayl?|Ryal|,K 'K PL Z 3
£'p -Bl- 4

1/2 > 0 for N > 2,

[

1=

for N large enough. Since 7 — ay||RNa||2
we infer from the Schur complement that

(& "4 1
=1 }5—1

(T aylRyall, - 2"
where ¥ = col(PLy, 0), if and only if

1 1 T
1+ I+ vyl <0

2" T —aylral} - 172

A sufficient condition ensuring that this latter inequality is satis—
fied is provided by 4||P|*(|£y || < 4MZM] < T —ay|[Ryall?,
which is true for N > 2 based on the deflmtlons of t,a, y. I\’]otmg
now from (33) that ||[E|| = O(1) as N — 400, we obtain that
ay|Rnb|IZ,MZETE < 11 for N large enough. Putting together the
above estlmates we infer that ®; < ——I + rAk |K|I%I for N
large enough. Since Ak, < 1/(1 + 2||K||f we have ® <0
for N large enough. Finally, recalling that « = 2, 8 = /N,
and y = 1/N, we also note that ®, < 0 for N large enough.
In conclusion, we have found a Ak, € (0,k,) such that the
constraints (34) are feasible when selecting N > Ny + 1 to be
large enough. This completes the proof

Remark 9. A similar approach that the one reported in Re-
mark 4 can be employed to recast the constraints (34) into a LMI
formulation for any given N > Ng + 1.

Remark 10. For any arbitrary choice of the feedback and observer
gains K € RN and L € R such that the matrices Ag + k,BoK
and Ao — LCy are Hurwitz, Theorem 3 ensures the existence and
allows the computation of a Ak, > 0. Hence, the maximum value
obtained for Ak, > 0 depends on the specific realizations of the
gains K and L. Note however that the problem of maximizing the
value of Ak, > 0 by tuning the gains K and L is difficult because
highly nonlinear. For example, ©; presents through the term ETE
a biquadratic dependency on the feedback gain K.

As a corollary of Theorem 3, we have the following L? version
for the stability of the closed-loop system.

Corollary 1. In addition of all the assumptions of Theorem 3,
assume further that N > No + 1 is selected such that there exist
P'>0,and o', B/, y’, v’ > 0 so that

@) <0, ©,<0, B;>0 (35)
where
0, Pr P'Ly
o= |c'P —p 0
LyP' 0 &y|Ryal? -t

o'y IRNDIZ,MIETE
O1,=FTP' +PF+25P + {o'y'K|IRnal% + T A} KTK

3
@£=27//{ AN+1+Q5+8+ }+ﬁM¢ [3\1/11
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Fig. 1. Input sector nonlinear ¢ with ¢(x) ~ 0.5x for x < —6 and x > 6.

/ 4
B'M,
1/4

N+1

O, =2y —

2
and with My, = 3,y 573~ < ++oo. Then there exists a constant

M’ > 0 such that, under the same assumptions for ¢ and the
initial conditions that the ones of Theorem 3, the trajectories of the
closed-loop system composed of the plant (22) and the controller
(29) satisfy

N N
lz(t, % + Y 2t < Me™ <||zO||fz + an(0)2>
n=1

n=1

for all t > 0. Moreover, for any given k,, M, > O, there exists
Ak, € (0,k,) such that the both constraints (34) and (35) are
always feasible when selecting N to be large enough.

Proof. From Theorem 3, we infer the existence of solutions
defined for all t > 0. Now the proof is based on the Lyapunov
functional (21) and relies on similar arguments that the ones
reported for Theorems 2 and 3.

Remark 11. The statement of Corollary 1 requires the constraints
(35) of Theorem 3. This is because, even if (35) is sufficient by
itself to ensure the exponential decay in L? norm, it fails to ensure
that [.A"2w(t, )|, = 3., Anwn(t)* remains bounded on any
time intervals of finite length. This latter point is required to
apply the argument at the end of Remark 8 to ensure that the
system trajectories are well defined for all t > 0.

5. Numerical illustration

Let the unstable reaction-diffusion equation described by (22)
with 6, = /2,6, =0,p = 1and g = —3. We consider the sector
nonlinearity ¢ that takes the form depicted in Fig. 1 and which
satisfies (23) for k, = 1and Ak, = 0.5 while ||¢'||;~ < 9.02. This
function is not injective and has a derivative that vanishes both at
certain isolated points and on an interval. Hence, this nonlinear
mapping checks all the pathological behaviors discussed in Re-
mark 6 that prevent the design of the control strategy using the
auxiliary control input v, = i,.

With Ny = 1, the feedback gain K = —0.8250, and the
observer gain L = 1.2958, the sufficient conditions (34) of
Theorem 3 are found feasible for § = 0.3 when using an observer
of dimension N = 3, ensuring the exponential stability of the
closed-loop system in H'-norm. Simulation results are presented
in Fig. 2. It can be observed that the both state of the PDE
and observation error converge exponentially to zero despite the
strong impact of the sector nonlinearity applying on the control
input as shown in Fig. 2(c). This is compliant with the theoretical
predictions of Theorem 3. For the same system, the conditions
of Corollary 1 that ensure the stability of the system in L?*-norm
appear to be more stringent from a numerical perspective. For
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7 Time (s)

(a) State of the reaction-diffusion system z(t, x)

* Time (s)

(b) Error of observation e(t, x)

0 . .
0 2 4 6 8

Time (s)
(c) Control input

Fig. 2. Time evolution of the closed-loop system.

instance, the sufficient conditions (34) and (35) of Corollary 1 are
found feasible for § = 0.3 when using an observer of dimension
N = 16.

It can be observed in simulation that the reported control
strategy cannot achieve the stabilization of the plant for arbi-
trarily large values of the size Ak, of the sector non linearity
(23). Indeed, in the setting of the previous paragraph with a
nonlinearity similar to the one of Fig. 1 but rescaled with a size of
the sector condition increased from Ak, = 0.5 to Ak, ~ 0.72, we
obtain in simulation divergent closed-loop system trajectories.
Moreover, one can expect that the value of Ak, decreases with
the level of instability of the open-loop plant (characterized by its
growth bound), i.e., when decreasing the value of §. This can be
observed numerically by considering for example the constraints
of Theorem 3 with k, = 1 and § = 0.3 while placing the poles
of both Ay + k,BoK and Ag — LGy at —1.3. In this case we obtain
for a dimension N = 15 of the observer: Ak, = 0.54 for § = —3,
Ak, = 0.24 for ¢ = -5, Ak, = 0.12 for § = —7, and Ak, = 0.03
for g = —9.

6. Conclusion

This paper has investigated the finite-dimensional observer-
based stabilization of a reaction-diffusion equation in the pres-
ence of a sector nonlinearity in the control input. It is worth
noting that even if the method has been presented in the case
of a Robin boundary input with parameter 6; € (0,7 /2] and



H. Lhachemi and C. Prieur

6, € [0, r /2], the approach readily extends to the case 6, € (0, )
and 6, € [0, ) provided q in (3) is selected sufficiently large
positive so that (1) still holds and by replacmg the change of
variable (4) by w(t, x) = z(t, x) IR +asm(92) u(t) for any fixed
o > 1 so that cos(6,) + « sin(6,) # 0. Future research directions
may be concern with extensions to other types of nonlinearities.
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Appendix. Useful lemma

The following Lemma is borrowed from [32] and generalizes
a result presented in [30].

Lemma 1. Let n,m,N > 1, M;; € R™" and My, € R™™
Hurwitz, My, € R™™ MY, € RN, My, € R™N, MY, € RV*",

My, M}, € RN, and
My M, 0 MY,
BN _ oN M, oN My,
My; 0 My O
o o 0 MY

We assume that there exist constants Cq, ko > 0 such that ||eM§V3t I <
Coe ™ot and ||eMal|| < Coe ™o forallt > Oand all N > 1.
Moreover, we assume that there exists a constant C; > 0 such that
||M I < G, ||M | < Cq, and ||M | < Cq forall N > 1. Then
there exists a constant G, >0 such that, for any N > 1, there
exists a symmetric matrix PN e R™™ 2N with PN » 0 such that
(FMYTPN + PNFN = —J and |PV|| < C,.
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