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Boundary Control of Open Channels With Numerical
and Experimental Validations

Valérie Dos Santos and Christophe Prieur

Abstract—The problem of the stabilization of the flow in a reach
is investigated. To study this problem, we consider the nonlinear
Saint-Venant equations, written as a system of two conservation
laws perturbed by non-homogeneous terms. The non-homoge-
neous terms are due to the effects of the bottom slope, the slope’s
friction, and also the lateral supply. The boundary actions are
defined as the position of both spillways located at the extremities
of the reach. It is assumed that the height of the flow is measured
at both extremities. Assuming that the non-homogeneous terms
are sufficiently small in 1-norm, we design stabilizing boundary
output feedback controllers, i.e., we derive a new strategy which
depends only on the output and which ensures that the water level
and water flow converge to the equilibrium. Moreover, the speed of
the convergence is shown to be exponential. The proof of this result
is based on the estimation of the effects on the non-homogeneous
terms on the evolution of the Riemann coordinates. This stability
result is validated both by simulating on a real river data and by
experimenting on a micro-channel setup.

Index Terms—Asymptotic stability, nonlinear systems, partial
differential equations (PDEs), flow control.

I. INTRODUCTION

I RRIGATION channel’s regulation problem presents an
economic and environmental interest and much research

is done in this area. Indeed, water losses in open channels,
due to inefficient management and control, may be large.
To avoid overflows and satisfy water demand, the level of
instrumentation (e.g., water level measurements and operating
motor-driven gates) and automation in open channel networks
increases (see [15] for an overview).

In order to deliver water, it is important to ensure that the
water level and the flow rate in the open channel remain at cer-
tain values. The difficulty of this control system is that only
the gates positions are able to meet performance specifications.
This asks to design boundary control laws satisfying the control
objectives.

This problem has been previously considered in the litera-
ture using a wide variety of techniques. See the use of classical
linear control theory in [14], [17], and [19]. Some of them take
into account the uncertainties and apply robust control approach
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(see, e.g., [11]–[13]). Studying directly the nonlinear dynamics
is also possible as in [5] and [20]. In [10], the Saint-Venant
equations are linearized and, using a numerical method, the au-
thors succeed to compute the frequency response of the linear
system, and to use this approach on an irrigation channel. Here,
we consider the nonlinear Saint-Venant equations and we derive
a new theoretical result to take the nonhomogeneous terms into
account when designing stabilizing boundary output feedback
controllers. Moreover, we illustrate our main result on numer-
ical simulations and on real experiments.

Recent approaches consider the distributed feature of the
system. Using the Riemann coordinates approach on the Saint-
Venant equations, stability results are given in [7] for a system
of two conservation laws, and in [9] for system of larger
dimension. Lyapunov techniques have been used in [2] and [4].

In this paper, we consider the nonlinear Saint-Venant equa-
tions and we take the friction and the slope into account. Also,
some additional flows (as rain, or water loss) are modelled.
These terms make the model nonhomogeneous, and should
be considered when designing the boundary actions. We get
a system of two conservation laws, that are described by hy-
perbolic partial differential equations, with one independent
time variable and one independent space variable
on a finite interval . This system is perturbed by
nonhomogeneous terms when modelling the friction, the slope,
and the additional supply rate. The considered problem is the
design of feedback control actions (the gates) at the boundaries
(i.e., at and ) in order to ensure that the smooth
solution of the Cauchy problem exists and converges to a
desired steady state. We assumed that we measure the water
level at each boundary, and we succeed to use this output only
when designing our stabilizing boundary feedback.

Recently, the theoretical problem of the stability of a system
of two conservation laws perturbed by nonhomogeneous terms
has been first investigated in [18]. Here, we make the sufficient
condition for the asymptotic stability more quantitative, we ex-
plicit a condition on the size of the nonhomogeneous terms, and
we compute some stabilizing boundary output feedback con-
trollers for the perturbed Saint-Venant equations. The compu-
tation of this sufficient condition is based on estimations of the
Riemann coordinates along the characteristic curves. Moreover,
this new stability result is illustrated with numerical simulations
using the data of a real river (namely the Sambre in Belgium),
and experimentations on a micro-channel (more precisely the
Valence experimental reach).

This paper can be seen as a generalization of [8], where Saint-
Venant equations without nonhomogeneous terms are consid-
ered. Moreover, in this paper, we illustrate our main result on
experiments (and not only on numerical simulations as in [8]).
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Fig. 1. Scheme of a channel: One reach with an overflow gate.

This paper is organized as follows. After a short presentation
of the Saint-Venant equations (see Section II), the problem is
stated, the tools presented, and the stability result established in
Section III. In Section IV, simulations results are produced on
the Sambre and, in Section V, we illustrate our main result by
means of experiments of a pilot channel. Section VI contains
some concluding remarks and our stability result is proven in
the Appendix.

II. DESCRIPTION OF THE MODEL AND STATEMENT

OF THE PROBLEM

A. Saint-Venant Equations

We consider a reach of an open channel as represented in
Fig. 1.

We assume that the channel is prismatic with a constant rect-
angular section. Note that in our configuration, the slope could
be non-null as well as the friction effects.

In the field of hydraulics, the flow in open channel is generally
stated by the so-called Saint-Venant equations, namely a law of
mass conservation and a law of momentum conservation (see
[6], e.g.)

(1)

(2)

where stands for the water level and the water
flows in the reach while denotes the gravitation constant

. In the previous, is the bottom slope
function is the channel width , and is the
slope’s friction . The function stands
for a lateral flow by unit length . We assume that
this function is continuously differentiable and
for supply (rain), negative for loss (evaporation). We
emphasize that the function should be continuously differen-
tiable. However, by approximating any discontinuous functions
by a continuously differentiable function, we may also consider
localized withdrawals, i.e., we may approximate discontinuous
lateral flows.

The slope’s friction is expressed with the following Man-
ning–Strickler expression

where is the Manning coefficient ,
is the wet perimeter , and is the
hydraulic radius .

The system is rewritten as follows:

(3)

with the matrices and defined as

(4)

The control actions are the positions and of both spill-
ways located at the extremities of the pool and related to the
state variables and by the following expressions. In this
paper, the gates at and are, respectively:

• a submerged underflow gate

(5)

where is the water level before the gate;
• a submerged overflow gate

(6)

where is the water level after the gate and is the
height of the fixed part of the overflow gate (see Fig. 1).
The water flow coefficient of the th gate is denoted .

Other kinds of boundary conditions (BCs) can be considered,
e.g., two submerged underflow gates (or two submerged over-
flow gates) at and at .

B. Problem Under Consideration

In order to introduce the problem under consideration in this
paper, we need some additional notations.

• The usual Euclidean norm in is denoted by . The
ball centered in with radius is denoted .

• Given continuous on and continuously differen-
tiable on , we denote

• The set of continuously differentiable functions
# satisfying the compatibility assumption
and # is denoted .

For constant control actions and ,
a steady-state solution is a constant solution

, for all , for all , which satis-
fies (3) and the BCs (5) and (6).

At time , the output of the system (3) is given by
.

The problem under consideration in this work is as follows.
Problem 1: Given a steady-state , called the set point,

we consider the problem of the local exponential stabilization
of (3) by means of a boundary output feedback controller, i.e.,
we want to compute a boundary output feedback controller
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such that, for any smooth small enough
(in -norm) initial condition # and # satisfying some
compatibility conditions, the partial differential equation (PDE)
(3) with the BCs (5) and (6) and the initial condition

# # (7)

has a unique smooth solution converging exponentially fast (in
-norm) towards .

III. STABILITY RESULT

First, note that the system (3) is strictly hyperbolic, i.e., the
Jacobian matrix of , defined by (4), has two non-zero
real distinct eigenvalues

(8)

They are generally called characteristic velocities.
The flow is said to be fluvial (or subcritical) when the charac-

teristic velocities have opposite signs

Under constant BCs and , for
all , there exists a steady-state solution satisfying

(9)

with and .

Let be the time instant defined by

(10)

where is the solution of the Cauchy problem
. Similarly, let be the time instant

defined by

(11)

where is the solution of the Cauchy problem
.

To state our stability result, we need to introduce the notations
found in (12)–(14), shown at the bottom of the page. We are now
in position to state our main result.

Theorem: Let and be defined by (10), (11), (13),
and (14), respectively.

If the bottom slope function , the slope’s friction function ,
and the lateral flow function are sufficiently small in norm,
then we have

(15)

In that case, for all such that

(16)

(17)

(12)

(13)

(14)
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the following boundary output feedback controller:

(18)

(19)

where ,
and makes the closed-loop system
locally exponentially stable, i.e., there exist , and

such that, for all bottom slope functions , slope’s friction
functions , and lateral flow functions sufficiently small in
norm, for all initial conditions # #

continuously differentiable, satisfying the compatibility condi-
tions, shown in (20) and (21) at the bottom of the page, and the
inequality

# #

there exists a unique solution of the Saint-Venant equations
(3), with the BCs (5) and (6), and the initial condition (7), de-
fined for all . Moreover, it satisfies, for
all

# #

(22)

Remark 1: Some observations are in order.
• The compatibility conditions (20) and (21) are obtained by

time differentiation of the BCs (5) and (6) and using (18)
and (19).

• This result states that the speed of convergence is exponen-
tial. It is also possible to estimate how large is the speed by
estimating the positive number in (22). Indeed, we prove
that the value is a decreasing function of the product

. Thus, to increase the speed of convergence, it is
needed to decrease the value of . See Remark 2 for
a proof of this remark and Section IV for an illustration
by simulating on a real river and by experimenting on a
micro-channel.

TABLE I
PARAMETERS OF A REACH OF THE SAMBRE RIVER

Fig. 2. Picture of the Sambre River.

We postpone the proof of this result in the Appendix.
In the following sections, we apply our stability result on nu-

merical simulations of a river and on an experimental setup. In
both cases, the assumption (15) is satisfied, thus, we succeed to
design a stabilizing boundary output feedback controller. Let us
note that if the inequalities (16) and (17) hold, then we have

(23)

IV. NUMERICAL SIMULATIONS ON THE SAMBRE RIVER

To illustrate our result, simulations have been realized with
the realistic data of the Sambre River located in Belgium. Phys-
ical parameters of this river are given in Table I and the gates
are overflow ones (see Fig. 2).

For the regulation of the Sambre, a proportional–integral dif-
ferential (PID) controller is actually used on site. The advan-
tage of our output feedback controller is to allow a greater vari-
ation of the water height and flow and not to be restricted only
around an initial equilibrium as it is the case for linearized ap-
proach (as those considered in [10], [17], [19], and among other
references).

#
#

# #
#

#
(20)

#
#

# #
#

#
(21)

Authorized licensed use limited to: LAAS. Downloaded on June 14,2010 at 09:40:47 UTC from IEEE Xplore.  Restrictions apply. 



1256 IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 16, NO. 6, NOVEMBER 2008

Fig. 3. Water flow and water level at (left) x = 0 and at (right) x = L using
either the Preismann scheme, or the Chang and Cooper scheme, or the real data.

A. Description of the Numerical Scheme

For all numerical simulations, we use the Chang and Cooper
theta-scheme of order 2 [1]. To validate this numerical dis-
cretization, we compare the numerical simulations with real
data and with numerical simulations using the Preismann
scheme (which is used in other works dealing with the control
of flows [12], [16]). Consider Fig. 3, where we may compare
the upstream water flow and the downstream water flow, on the
reach number 2 using the following:

(P) Preismann scheme for which the initial conditions
are the theoretical ones;

(CC) Chang and Cooper scheme for which the initial
conditions (IC) are the measured ones;

(data) real data measured on the Sambre River.

We check that the Chang and Cooper scheme gives a numer-
ical solution which is close to the real one and has a more real-
istic dynamic than the Preismann scheme. The simulations have
been realized with MATLAB and Simulink.

B. Simulation Results

For an initial condition satisfying our compatibility con-
ditions, we choose # 10 m # 3.75 m,

# 4.65 m.
In these numerical simulations, we consider the stability

problem around the following equilibrium computed with
(9) and 12 m s 3.80 m, 4.7 m.
Using (8), we compute the eigenvalues 6 m s and

6 m s . Thus, the flow is fluvial.
Times instants and are computed with (10) and (11),

and they take the following values s and

s. Using (23), we note that the tuning parameters
should satisfy .

To illustrate Theorem 1, three simulations have been com-
puted with the following values.

(S1) and , (we compute
). The stability condition (16) and (17)

is satisfied, and thus, the inequality (23) is satisfied.
We check on the evolution of the water, that the level
and the flow converge to the equilibrium.

(S2) and , (we compute
). Condition (17) is satisfied, whereas

(16) does not hold. However, we observe that the
level and the flow of the water converge to the
equilibrium. With this simulation, we check that the
condition (16) and (17) is sufficient for the stability
but is not necessary.

(S3) and , the stability condition
(16) and (17) is not satisfied and the level and the
flow of the water do not converge to the equilibrium.
This implies that the stability is not ensured for all
boundary control actions.

See the evolutions of the level at and the flow at
of the water in Fig. 4 for these three numerical simulations. At
the top, the evolution of the water flow at and the water
level at is depicted for each numerical experiment, and
at down the evolution of the gates at upstream and downstream
of the reach.

These simulations confirm that the stability condition (16)
and (17) is sufficient but not necessary for the stability. More-
over, let us note that we have considered an initial condition
which is close to the equilibrium point since we have only a local
asymptotic stability property and not a global one, as claimed in
Theorem 1.

Moreover, it illustrates Remark 1, since we can check that
the smaller is the product , the higher is the speed of con-
vergence. But the overshoot growths up also and a compromise
should be done between the speed of convergence and the max-
imum overshoot admissible.

To cancel the offset on simulations (S1) and (S2), we add an
integral action to the Riemann controller. The stability has been
proved for the linearized Saint-Venant equations in [4]. Such
result has not yet been extended for the nonlinear Saint-Venant
(1), but we check in Section IV-D that adding a small integral
may cancel the offset on the numerical simulations.

C. Open-Loop Comparison in the Simulations

In this section, we check that the convergence speed of the
closed-loop system is greater than the one of the open-loop
system. Considering the equilibrium and the initial condition of
Section IV-B, we compare in Fig. 5, the numerical simulations
of the open-loop system (S1OL) and the closed-loop system
(S1CL) using the parameters of the simulation (S1) [thus, (S1)
is equivalent with (S1CL)]. We check that the system in closed
loop with our controller converges faster to the equilibrium than
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Fig. 4. Water flow at x = 0 and water level at (left) x = L, and level of the gates at x = 0 and (right) x = L for the three numerical simulations (S1)–(S3).

Fig. 5. Water flow at x = 0 and water level at x = L for the simulation (S1)
in open (S1OL) and closed (S1CL) loop.

the open-loop system. This comparison allows us to exhibit the
value of the feedback.

D. Adding an Integral Action in the Simulations

In this section, we check on numerical simulations that adding
an integral action on the controller given by Theorem 1 may
cancel the offset. To this end, we consider the boundary con-
trol laws and given by (18) and (19), respectively, and
we add the integrals ds and ds,
respectively, where are additional constant design pa-
rameters that have to be tuned.

We choose the same initial condition and the same equilib-
rium as in Section IV-B.

Two simulations (see Fig. 6) have been computed with the
following values.

(SI1) For and , we choose the same values as for (S1),
whereas we choose for the parameters of the integral
action and . It allows to
cancel the offset appearing with (S1).

(SI2) For and , we choose the same values as for (S2),
whereas we choose for the parameters of the integral
action and . The system
converges towards the equilibrium required in spite
of some oscillations.

The parameters and should be chosen carefully to
satisfy the constraints of the system (for example, the size of the
overshot). However, the integral correction succeeds to cancel
the offset. The theoretical way to tune this set of parameters is a
topic of further research, beyond the scope of this paper dealing
with the nonlinear system (3). The linear case has been studied
recently in [4].

V. EXPERIMENTAL RESULTS ON A PILOT CHANNEL

An experimental validation has been performed on the Va-
lence micro-channel (see Figs. 7 and 8, and the physical parame-
ters in Table II). This pilot channel is located at ESISAR1/INPG2

Engineering School in Valence, France. It is operated under
the responsibility of the LCIS3 Laboratory. This experimental
channel (total length = 8 m) has an adjustable slope and a rect-
angular cross-section (width 0.1 m). The channel is ended at
downstream by a variable overflow spillway and equipped with
three underflow control gates (see Figs. 7 and 8). Ultrasound
sensors provide water level measurements at different locations

1École Supérieure d’Ingénieurs en Systèmes industriels Avancés
Rhône-Alpes

2Institut National Polytechnique de Grenoble
3Laboratoire de Conception et d’Intégration des Systèmes
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Fig. 6. Comparison of the water flow at x = 0 and water level at x = L between the simulations with and without integral controller. (a) (S1) and (SI1). (b) (S2)
and (SI2).

Fig. 7. Pilot channel of Valence.

of the channel (see Fig. 9). Note that water flow is deduced from
the gate equations and has not been measured directly.

The aim of this section is to illustrate our main result on this
pilot channel. Note that other techniques have been successfully
applied on micro-channels (see, e.g., [16]). The main advan-
tages of our approach is that we avoid any linearization of our
PDE model and we get an exponential asymptotic stability.

The data pictured in the following has been filtered to get a
better idea of the experimentation results. One reach has a length
of 70 dm, the water level at upstream of the first gate is
1.72 dm and at downstream of the second gate 0.85 dm
(theoretical values).

A. Experimental Results

The initial condition satisfies the compatibility condi-
tions and # 2.5 dm s # 1.1 dm,
and # 1.25 dm, whereas the equilibrium satisfies

2 dm s 1.3 dm, and 1.43 dm.
Using (8), we compute the eigenvalues 13 m s and

10 m s . Thus, the flow is fluvial.
To illustrate Theorem 1, three experiments have been done.

The results are pictured in Fig. 10, with and
the following values:

(E1) (we compute
);

(E2) (we compute
);

(E3) (we compute
).

In each case, both conditions (16) and (17) for the stability
are satisfied.

The evolutions of the water flow at and of the water
level at are depicted at the top of Fig. 10 for these three
experiments. The last two graphs contain the evolution of the
openings of the gates at and at , respectively, for
these three experiments.

In the last experimentations, the speed of the convergence is
smaller. For largest gain values of , the closed-loop system
starts to oscillate and becomes unstable [consider the experi-
ment (E3)].

The following two remarks can be put into light:
• if the conditions (16) and (17) are satisfied, then we get the

stability of the closed-loop system;
• as claimed in Remark 1, the smaller is the product ,

the higher the speed of convergence;
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Fig. 8. Pilot channel of Valence.

Fig. 9. Pilot channel of Valence: gate and ultrasound sensors.

TABLE II
PARAMETERS OF THE PILOT CHANNEL OF VALENCE

• to cancel the offset on these experiments, we may add an
integral action in a classical manner. See Section V-C for
more details.

B. Open-Loop Comparison in the Experiments

Let us compare the convergence speed of the system in closed
loop with respect to the one of the open-loop system. On Fig. 11,
the same experimentation has been realized in open loop (EOL)
at time 130 s and in closed loop (ECL) at time 70 s with
a parameters product . The arrows in Fig. 11
show that the equilibrium asked is first reached by the closed
loop, the open loop takes at least three times more.

C. Adding an Integral Action in the Experiments

To cancel the offset on the experiments, we may add an inte-
gral action as in Section IV-D for the numerical simulations.

The system is first in open loop, and at time 50 s, the
control loop is closed. We choose the same initial condition and
the same equilibrium as in Section V-A.

To illustrate the effect of the integral action, we select the pa-
rameters of the experiment (E2). We recall that, with this choice,
the stability condition (16) and (17) is satisfied. Three experi-
ments have been done (see Fig. 12), with the following values.

(EI1) There is no integral action, i.e., and .
An offset appears in the water level. This case
corresponds to the experiment (E2).

(EI2) Integral coefficients are and
. The upstream flow and downstream

level converge toward the equilibrium.

(EI3) Integral coefficients are and
. The size of the overshot increases

dramatically.

Thus, the integral correction improves the robustness of the
control proposed and cancel the offset. The parameters and

should be chosen carefully to avoid an overshot like in
(EI3).

VI. CONCLUSION

This paper was concerned with the stability of a hyperbolic
system of conservation laws, more precisely, of the nonlinear
Saint-Venant equations. A sufficient condition for the stability
of the nonhomogeneous system is stated, when the nonhomoge-
neous part is small in -norm. This criterion is written in terms
of the BC and is proven thanks to an analysis of the Riemann
coordinates.

This result is illustrated and validated with numerical simula-
tions (using real data) and by experiments for the control of the
flow in a reach.

The generalization of this result to other systems of two con-
servations laws, and also the study of larger hyperbolic system,
could be interesting.

APPENDIX

In this Appendix, we prove Theorem 1. To do that, we first
need to rewrite the Saint-Venant equations in Riemann coor-
dinates. Due to the lateral flow , the slope’s friction and
the bottom slope , it gives rise to a system of conservation
laws with nonhomogeneous terms (see Appendix A). Then, we
will estimate the evolution of the Riemann coordinates along
the characteristic curves in Appendix B. This estimation could
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Fig. 10. (Top) Water flow at x = 0 and water level at x = L and (bottom) level of the gates at x = 0 and x = L for the three experiments (E1)–(E3).

Fig. 11. Water flow at x = 0 and water level at x = L for two experimenta-
tions (EOL), (ECL).

be possible as soon as the nonhomogeneous terms are suffi-
ciently small. These nonhomogeneous terms are estimated in

Fig. 12. Water flow at x = 0 and water level at x = L for the three experi-
mentations (EI1)–(EI3).

Appendix C. Then, we write a sufficient condition in terms of
the BCs for the asymptotic stability of the Riemann coordinates
(see Appendix D). This sufficient condition is written as (15).
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A. Riemann Coordinates

In this section, we rewrite the PDE (3) in Riemann coordi-
nates. They are defined as follows (see [8]):

Now the PDE (3) is rewritten as a nonhomogeneous system
of conservation laws

(24)

where , and is the nonhomogeneous
term. Denoting , we split and into three terms

(25)

Let us explicit these three terms. To do that, recalling (12), we
first note that (indeed if , then which is in con-
tradiction with the fluvial assumption). The first term of the right-
hand side of (25) depends only on the slope . The second one
for each depends only on the friction and is given by

Note that and .
The last terms in (25) are functions of the lateral flow

Note that and .
We write the BCs (5) and (6) in terms of the Riemann coor-

dinates as follows:

(26)

(27)

where and are constant design parameters that have to be
tuned to guarantee the stability.

B. Estimation on the Riemann Coordinates

Let us first recall a result of existence (see [3], [9], and [18]
for a proof)

Proposition 1: Let and . Assume
that the BC satisfies

(28)

Then there exist and such that,
for all # and for all continuously differentiable
functions such that holds and

(29)

there exists a unique function
satisfying the PDE (24) with BCs (26) and (27), and initial
condition

# (30)

Moreover, this function satisfies
# (31)
# (32)

Let us estimate the evolution of the Riemann coordinates
along the characteristic curves. With the PDE (24) and the BCs
(26) and (27), we obtain

(33)
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Thus, we get the estimation

Now, using Proposition 1, if is sufficiently small, then
we have

(34)

where depends only on .

To go further into the estimation of the evolution of the Rie-
mann coordinates, we need to compute .

C. Computations of

Denoting , we compute

similarly the expression of (given in the equation
shown at the bottom of the page). In particular, we have (35),
shown at the bottom of the page.

We compute similarly the expression of (shown in
the equation at the bottom of the page). In particular, we have
(36), shown at the bottom of the page.

(35)

(36)
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(37)

(38)

In the same way, one obtains for , the expressions (37) and
(38), shown at the top of the page, for its partial derivatives.

Using (35)–(38), for all , if the bottom slope function
, the slope’s friction function , and the lateral flow are suf-

ficiently small in norm, then .

D. Conclusion of the Proof of Theorem 1

Coupling (34)–(38), if and satisfy (16) and (17), then,
we obtain, the existence of a , such that

(39)

This estimate allows a repeated application on intervals of
length to give, for all

A similar condition is obtained when is replaced by ,
and when in (33) is replaced by any . Thus, by
letting and

(40)

we get

#

The estimation of is obtained in the same way, by differ-
entiating (24) along the characteristics. We get the estimate (22).

We deduce from the BCs (26) and (27), the following condi-
tions:

(41)

(42)

with , and
and are the control parameters. From (41) and (42) and the
BCs (5) and (6), we deduce (18) and (19).

This concludes the proof of Theorem 1.
Remark 2: Let us note that due to (40), larger is the positive

number , smaller is the positive number . Due to (34) and
(39), to render the positive number close to 0, we have to
make the product close to 0. It allows us to estimate the
speed of the exponential convergence in Theorem 1 and to prove
Remark 1.
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